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SUMMARY

We present an adaptive numerical technique for solving convection—diffusion-reaction problems, modelling
the transport of contaminant in porous media. We develop and analyse residual error estimators using
finite volume approximations. The error estimators with respect to both time and space yield global upper
and local lower bounds on the error measured in the energy norm. Computational results of various
model simulations of fluid flow and transport of contaminant in heterogeneous aquifers are presented and
discussed. Copyright © 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We aim to develop, analyse, implement, and test a computational self-adaptive technique for
simulation of fluid flow and transport of contaminant in porous media. We consider the concen-
tration equation describing miscible flow in heterogeneous porous media. The solutions of these
problems can involve multiple time and spatial scales, long simulation time periods, and many
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260 B. AMAZIANE ET AL.

coupled components which are convection dominated. The latter requires steep gradients to be pre-
served with minimal oscillation and numerical diffusion. Thus, dynamic time and spatial adaptivity
based on a posteriori error estimates is essential for accuracy and efficiency. Here, we develop a
computational technique that utilizes finite volume (FV) approximation of the differential equation
and a posteriori error estimators that will lead to adaptive local grid refinement.

FV methods are a class of discretization schemes that have proved to be highly successful in
approximating the solution of a wide variety of conservation laws systems. There is an extensive
literature on this subject. We will not attempt a literature review here, but merely mention a few
references. They are extensively used in fluid mechanics, meteorology, electromagnetics, semi-
conductor device simulation, models of biological processes and many other engineering areas
governed by conservative systems that can be written in integral control volume form (see, e.g.
[1-7]). The primary advantages of these methods are numerical robustness through the obtaining of
discrete maximum principles, applicability on very general unstructured meshes, and the intrinsic
local conservation properties of the resulting schemes.

The literature associated with the foundation and analysis of the FV methods for hyperbolic
problems is extensive (see, e.g. [2, 6] and the references therein). FV methods for elliptic problems
have been proposed and analysed under a variety of different names: box methods, covolume
methods, diamond cell methods, integral finite difference methods and FV element methods (see,
e.g. [7] for a review).

More recently, FV methods were developed and analysed for convection—diffusion problems
(see, for instance [2, 3, 8—17]). There are various approaches in deriving FV approximations of
convection—diffusion equations. The most general classification is obtained depending on the
choice of: (1) the FVs and (2) the discrete space to which the approximate solution belongs. The
domain is meshed and depending on whether the FVs are the elements from the original splitting
or volumes around the vertices of the original splitting, we have correspondingly cell-centred
and vertex-centred FV methods. For the vertex-centred FVs, depending on whether the discrete
space is piecewise constant over the FVs or piecewise linear over the original mesh, we have
correspondingly vertex-centred FV difference methods or vertex-centred FV element methods.
The cell-centred FV can lead to cell-centred FV difference methods or mixed methods.

In this paper we construct, theoretically justify, and test a computational method that yields
reliable error control of the FV discretization of a convection—diffusion-reaction equation, arising
from the modelling of flow and transport in porous media, in 2-D on unstructured grids. A detailed
description of the model is given by Bear and Bachmat [18]. We achieve balance between obtaining
reliable control of the error and efficient use of the available computational resources by an adaptive
process of local grid refinement based on a posteriori error analysis.

There is an extensive literature on adaptive methods for finite element approximations with
emphasis on both theoretical and computational aspects of the methods. Among the wide literature
we refer, e.g. to [19, 20]. There are few works related to a posteriori error estimates for FV methods
of convection—diffusion problems. Earlier results related to this topic in the context of flow and
transport in porous media were published in [4, 8, 12, 16, 21] and the references therein. Let us also
mention that a posteriori error analysis for a linear and nonlinear elliptic problem approximated
by a vertex-centred scheme were presented in [22-24].

In this paper, we introduce two kinds of indicators, both of them of residual type. The first one
is related to time discretization and is local with respect to the time discretization: thus, at each
time, it provides an appropriate information for the choice of the next time step. The second is
related to space discretization and is local with respect to both the time and space variable and the
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ADAPTIVE VERTEX CENTRED FINITE VOLUME METHOD 261

idea is that at each time it is an efficient tool for mesh adaptivity. Here, we develop and analyse a
fully discretized approach as in [25, 26] for finite element methods.

The paper is organized as follows. In Section 2 all necessary mathematical notations are defined,
the problem is formulated and the general assumptions are stated. In Section 3, the numerical
scheme for the model problem is presented with emphasis on the FV method employed for the
solution of the convection—diffusion-reaction equation. The construction of error indicators for this
approximation and the proof of upper and lower bounds for the error as a function of the indicators
are established in Section 4. A series of numerical examples demonstrates the efficiency of the
methodology for 2-D miscible flow problems through heterogeneous porous media where large
permeability variations are allowed.

2. STATEMENT OF THE PROBLEM AND ASSUMPTIONS

We consider the following convection—diffusion-reaction problem: Find u = u(x, t) such that
Ju ) .
o div(D(x,t)Vu —qu) +au=f in Qx]0, T[

u=0 onTx10,T] M
u(-,0)=ug in Q

Here, Q is a bounded polygonal domain in [R{_z, with Lipschitz boundary I" and ]0, T[ a time
interval, D is a uniformly positive function in Q x |0, T'[, q is a given vector function (velocity),
a is a given reaction coefficient, and f is a given source term. For simplicity we have considered
a homogeneous Dirichlet boundary condition but it is easy to see that all the results are valid for
other boundary conditions.

In what follows we use standard notations for Sobolev spaces. Let us state the following
assumptions.

(A1) D is a positive and continuously time-differentiable function such that
VxeQ,Vi€l0, T[, 0<Dmin < D(x, 1) < Dmax<+00

Here we consider, for the analysis of the method, that the dispersion D reduces to a scalar
function. However, the implementation is based on a realistic case where D is a positive definite
symmetric tensor.

(A2) f € L%(0, T; L2(Q)

(A3) g€ C(0, T; (W-®(Q)?)

(A4) aeC(0,T; L*®°(Q))

(AS) There are two constant >0 and .o > 0 such that

jdivg+a>p and Jalie@ <A in0,T]
(A6) up e H'(Q).
The space HO1 (€)) will be equipped with the energy norm
lloll = (ID'>Vvlig o + BllvlIg o) '/ )
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262 B. AMAZIANE ET AL.

We denote the dual norm associated to (2) by

Igll=  sup 2V

, VoeH Q) 3)
UGHOI(Q),v;EO ”|U|”

For v e LZ(O, T; HO1 (Q)) we introduce the norm, for all ¢ € [0, T]:

! 1/2
(ol = (nv(t)né,g + /O [EOI ds) @)
We consider the following standard weak formulation of problem (1):

0
Find u € L*(0, T; H} (Q)) such that 6—”; e L*0,T; H'(Q)) and

0
/—uvdx—i—/ DVu-Vvdx+/div(qu)vdx—}-/auvdx (®)]
Q Ot Q Q Q
=/fvdx Vve Hy (Q) forae. t€]0, T[
Q

u(-,0)=ugp

Assumptions (A1)—-(A6) imply that this problem admits a unique solution (cf. [27]), and by taking
v equal to u(¢) in (5) and integrating on the interval ]O, 7[, we derive the following estimate, for
all ¢ in [0, T]:

1 1/2
[ull(r) < (lluollg,g + D_”f”%Z(O,t;Hl(Q))> ©)

min
or

| 1/2
[[ull(r) < <|luollé,g + E”inZ(O,t;LZ(Q))) )

In the case where a =0, i.e. no reaction term in the equation, we take ./ =0 and we keep f§ in
the definition of the energy norm.

3. DISCRETIZATION OF THE PROBLEM

Before describing the FV discretization of the model problem (1), we give some notation.
We introduce a partition of the interval [0, 7] into subintervals [t,_1,t,], 1 <n < N such that
O0=t<tj<---<ty=T. We denote by 1, the length 1, — 7,1, by t the N-uplet (zq,..., txN)
and by |7| the maximum of the 7,, 1 <n < N. Since our aim is mesh adaptivity, for each n,
0<n <N, we consider (), a regular triangulation of Q by closed triangles. Each triangulation
I}, is derived from 7, ;;71 by cutting some elements of ;1’71 into a few subelements or, by the

opposite i.e. gluing together some elements of 7 ,2’*1 into a new triangle. We denote also by 77
the dual decomposition associated to .7 . Note that at the same time f,, several triangulations can
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ADAPTIVE VERTEX CENTRED FINITE VOLUME METHOD 263

Figure 1. A vertex-centred cell in 2-D.

be employed for mesh adaptivity and we use the notation .7’ only for the last one. Furthermore,
let us denote u" =u(t,), D" = D(t,), a" =a(t,) and f" = f(z,).
We consider the following semi-implicit time discretization of problem (1):

u — Mn—l
- —div(D"Vu" —q" WY +d"W =" inQ (8)
n

We now describe the space discretization with a FV scheme. Let us give the assumptions which
are needed on the mesh. Assume that we have a family of triangulations .7/, which is regular
(see [28]). The partition 7 is chosen as the set of N, volumes V; that constitute the dual of
the triangulation .7}’ known as the Voronoi mesh and such that Q= Ui - 1....N, Vi- This mesh is
constructed by connecting the middle points of edges and circumcentres of each neighbouring pair
of triangles having a common edge with a straight line segment (see Figure 1).

We denote by &) the set of edges E of triangulation .7, h>0 and I'j the set of edges y of
the dual decomposition 77;'. We denote by y; ; the intersection of boundary dV; and 0V; of two
control volumes.

We may construct another partition of Q, denoted by 2 and formed by quadrilaterals Q defined
by 0=V N7 where Ve?7 and T € 7. We also need to define the set #" = | J K, formed
by the triangles K having xy, (the centre of the control volume V;) as a vertex and y as an edge.
Next, we define the spaces 21(7}) and 2 (77})) by

21T ={v, € CUQ) : vl 7 € 21; VT € T}
and
Po(V ) ={wp € L*(Q) : wyly, € Posi=1,..., Ny}

where Z] is the set of polynomial functions of degree </. Let (¥/;)i=1
functions of 2((J7)).

Denote by I, : L>(Q) — Po(V ») the global 77} -piecewise constant interpolation operator
which is defined by

~, be the set of basis

.....

1
— f vdx for interior volume V
Ly:=q Vv 9)
0 for boundary volume V (i.e. dV N T #£0)

Note that the operator [, satisfies homogeneous Dirichlet boundary conditions, i.e. I,,v=0on I
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264 B. AMAZIANE ET AL.

Integrating the semi-discrete problem (8) over a control volume V;, we get

un_unfl
/ —dx— ) {/D"Vu”-n«,ds—‘/q"114”1 -nyds}—i-/ a"u" dx
Vi Tn ycav; Wy 7 Vi
Z/ £ dx (10)
Vi

where n, is the unit outward normal vector on 7.
Equation (10) could be written in the following form:

n_ ,n—l1
/ Ll - ¥ Wy - % ],y>>+/ "u dx—/ f"dx
Vi

Tn yCoV;

where
F(v,7):= /DVv-nyds
’}7
and

YG(v,7):= /qv -ny ds
t

The FV discretization is ended by defining a numerical flux functions %, (v, y) and %, (vZ_l, 7).
For this, we will consider Vi, the space of all continuous, piecewise linear finite element functions
corresponding to 7 and vanishing on I':

Vh:={vhe@1(§g) and vy | =0} (11)

Let M, be the number of interior vertex. For u; = Zf‘i”l u;iy;, the numerical flux functions
Fw(u?,y) and 97" (uy, ) are defined by

Ty, = > DjVu} -n,ds
JEF @)y =1;; /i
and
G = ¥ Q""" my )T o) + @ my )Tu T () ds
]Ej(l)l—yzl Vij
where

J(@)=1{jefl,..., My} : suppy; Nsuppy; # 0}

(q”_l -n)" = max(0, q”_l ‘n), (q”_l -m)” =min(0, q"_l -n)

and Dj is an approximation of D(t,) which is a piecewise polynomial of degree smaller than a
fixed integer £ and such that there exists a constant c¢(D) only depending on D satisfying

ID(ty) — D}l < (DR, 1<n<N (12)
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ADAPTIVE VERTEX CENTRED FINITE VOLUME METHOD 265

We assume that @) is also an approximation of a(t,) which is piecewise polynomial of degree
smaller than a fixed integer £ and such that there exists a constant c¢(a) only depending on a
satisfying

la(t) = ajlli=@ <c@h™!,  1<n<N (13)
The fully discrete problem is then given by
Find (u})o<n<n € (V)N t! satisfying
u2 = Hhu() in Q
ut — unfl
/ YT gy / AR
v T jes v
(14)

—[(@" "y )T ) + (@' g ) T () ds

+/ ayuy dx = f"dx
vl v

fori=1,2,....M,,, n=1,...,N

where Vl" for 1 <i < M, are the interior control volumes in ¥ ,2’, aZ is a piecewise linear approx-
imation of " and ITj, is the L2-projection on Vj,.

The analysis and numerical results of this scheme applied to immiscible and miscible flow in
porous media can be found in [29, 30] and [31, 32], respectively.

Remark 3.1
The terms /Vi (" — u"1)/1,) dx and fVi a"u" dx could be approximated by | V;|((u! — ul'.l_l)/rn)
and |V;|al'u}, respectively, where u =uj (x;) and a]' = aj (x;).

With the family (u})o<n <N We associate the function uy, on [0, T] which is linear on each
interval [#,_1,1,], I <n <N, and equal to ”Z at t,, for 0<n < N. This function writes, for
1<n<N

h —

t _
upe(t) = ull — Wh —ul™ Y Vielty_1, tn] (15)

n

—Ih—1

t
upe(t) =ul "' 4 W —u'™ N Vrelty—1, 1o (16)

n

4. A POSTERIORI ERROR ESTIMATES

In this section, we derive an adaptive numerical technique using the FV approximation described
in the previous section. The method expresses the error in terms of the residual of the approximate
solution. For this, we will bound the norms of [[u — up.]](#;), for 1 <n < N, as a function of
indicators.
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266 B. AMAZIANE ET AL.

Let us define the residuals and inter-element jumps of the approximation (u})y:

n__ n—l
Blo:= (f;; - % + div(DpVul) — div(g"ul ) — aZuZ) (17)
n
I‘E|E = [DZVL{Z -nE] (18)
ol =" iy ) o) — uf () (19)

where [.] denotes as usual the jump across the edge E.
The local spatial error indicators are defined by

> = > ¥ aplIRIG o (20)
VeT*QCV
—1/2
) = D> ¥ o IS @1
Eecé&
—1/2
2= Dl? 3 ayl2hl3, (22)
yel
where og := min(hSDI;iln/z, ﬁ_l/z) for S =K, E, .

Finally the global spatial error indicator is given by
(1)? = () + ()? + (n)° (23)
We define the temporal error indicator as

Tn n n — : n— - n
O = [ SOV — uy™HI + ldiviq"™" ™" = u)I?

) 2~y )] 24)
and the indicator related to data by
Gh(r) :=max(B~'2, D/ (1 f — £+ div(@" ™" = Quie) + (@] — @unello
(D} — D)Vupello) (25)

4.1. An upper bound for the error

In this subsection we will state an upper bound for the error. The following result holds:

Theorem 4.1
Let u be the solution of problem (5) and (u}),>1 the solution of problem (14), then there exists
a constant C independent of /4, such that

n tm 1/2
[[u —uhrl](rn><c[||u°—Hou°||3+ > ((nﬁ)%m+(®.,“‘)2+ / |Gﬁ<r)|2)] (26)
tm

m=1 -1

where #)', Op' and G} are defined by (23)—(25), respectively.
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ADAPTIVE VERTEX CENTRED FINITE VOLUME METHOD 267

Proof
For all v € HOl (Q2) we have

0
/ —(Wu —up)vdx + / DV (u —up;) - Vodx
Q Ot Q

+/ div(q(u — upy))vdx + / a(u —upy)vdx
Q Q

un_un—l
:/(f—f,:’)vdx—{—/ f;:’vdx—/ uvdx—/ D;Vuy - Vv dx
Q Q Q Q

Tn

—{—/ DV (uy — upe) - Vodx + / (D, — D)Vup: - Vodx
Q Q
—/Qdiv(q"lu;—l)uder/Qdiv(q"l(u;—l — upe))vdx
+/ div((q"! —q)uhf)vdx—/aZqudx

Q Q

—|—/ ay (uj, — up)vdx + / (ay, — a)upvdx 27)
Q Q

For all v e HO1 (Q) we denote by

n n—1
Up — Uy

A(v)::/f;:’vdx—/ 7vdx—/ Dy Vuy - Vv dx
Q Q Q

Tn
—/ div(q”fluzfl)vdx—/ ayupvdx
Q Q

B(v) ;=/ DIV (ul —uhf).wdxjt/ div(q" "} — upe))v dx
Q Q (28)

+/ ay (uy — up)vdx

Q

C) ::/(f—f,’f)vdx—l—/(DZ —_ D)VuhT-Vvdx—{—/ div((q"™" = Qupc)v dx
Q Q Q

—i—/(aZ — a)upvdx
Q

and evaluate separately each term A(v), B(v) and C(v).
Evaluation of the term A:
Since I,v is piecewise constant we can write A as

u—y !
Aw)= Y (f}:’v—uv—DZVuZ . V(v—lmv)—div(q"_luz_])v—aZqu) dx
\%

vey ! Tn
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268 B. AMAZIANE ET AL.

An integration by parts gives

n_ ,n—l
Aw) = Y {Z / (f,fv—%vjudiv(p,’;vuz(v—lmv))
0

vern | ocv n
—diV(qnfluZ_l)v —aZqu) dx —{—/ D Vuj -nlyv ds}
ov

+ > [D;Vuj -ngl(v — I,v)ds
Eecé) VE

un_un—l
=3 {Z / (f}:’—%—f—div(DZVuZ)
0]

ve7) | QCV n

—div(g" 'uf ) - aZuZ) (v — I,v) dx

—|—/ DpVuy -nlyvdst + > [D;Vuj -ngl(v — Iyv)ds
ov Ee&l JE

ut — un—l
+ > I = % —div(q" "™ — @l | Ly dx
14

= n

For interior volumes V, the FV discretization (14) implies that the last term is equal to

- <1mv>l-< > f @ "m0 = (@ ) T ()
75 COVi < Vij

il g n
V’E‘/h

—(q"! .n,[j)—u,jl(x,))ds)

where (I,,,v); = (I, U)\v,» and if we take n to be the normal to y;; such that q"!-n>0 and the
indices (ij) are such that (x; — x;) -n <0 the last term is equal to

-y > (Un)i — Tnv)) | " (x0) — w0 ds

TeTy vijely.ijcT Vij
With the help of (17)—(19), the expression A(v) writes

Avy= > X hv —Lyv)ydx + Y rp(v — Lyv) ds

VerQcv 0 Eeé) JE
- 2 > (Umv)i— (Imv)j)/ z, ds (29)
TeT el i cT Vij
0
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ADAPTIVE VERTEX CENTRED FINITE VOLUME METHOD 269

Now the interpolation error bounds for 7, defined by (9) is given by the following Lemma.

Lemma 4.2
Letve H(} (Q), we have the following estimates:

(D) v = Ipvllo,x <craxliviloy, VKeA,KCQ (30)
@ v = Invllo.s <Dy ‘o *vllw,  VE €&} 31)
3) Ui = Un)jll0.; <D P vl ¥y €T (32)
where o5 1= min(hSDI;iln/ 2, ﬁ_l/ 2) forS=K, E,v; T and the constants c1, ¢z and c¢3 are independent
of h.
Proof

(DLetve H'(Q), Vey?, Kex#',KCQand E € &}, . We have the standard estimations
lv = Imvllo.x <chglVvllog
v — Lnvllo,xk <cllvlik

Hence, we get the bound (30)
. —1/2 ,—
v = Lnvllo.x <cimin{ig D/, B~ 210l
(2) In order to show the interpolation bound (31) we consider the well-known trace inequality
(cf. [33]) for w e H' (), for an arbitrary 7 € 7/
—1/2 1/2 172
lwllo,e < cth, P lwlo.r + lwlly S I1Vwly >
We take w = v — I,,,v and restrict ourself to the small triangle K C . where we have w € H LK),
and we use the bound (30)

2 2
||U_Imv||0,E = Z ||U_ImU||Q,EnK
KCwr

-1.2 2 —1/2
<c ) (hg aglivily, +oxllvilor Dy Nvllo)
KCcor

—1.2 —-1/2 2
<e Y gldk + Dt Pap)lvi?,
KcCcor

—1/2 2
<2 Y D axlvll,
KCor

—-1/2 2
D agvli2,

N

(3) For the bound (32), we remark that

1 (Tnv)i = ) oy < N m0)i = vllog, + 10 = Tuv) jllo

/ij

and we use the same argument as in (2). This completes the proof of Lemma 4.2 O
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270 B. AMAZIANE ET AL.

One can conclude from Lemma 4.2 and (29) that

—1/4 1/2
AW < X3 aplRhloolvllng + 3 Dyl ey Ieklo.£llvllo,
Ver Qcv Ecér
1/4 1/2
+ % Dl ‘a2 17qllo 10l (33)
yel,

where Ry, rp and z; are defined by (17)—(19), respectively.

By using the fact that the domains wg, wg and Wy, only consist of a finite number of elements
that is bounded by the minimal ratio of the diameter of any element to the diameter of its largest
inscribed ball, we conclude that

A) <mlivll

and

n tm n tm n ” 1/2 5 1/2
> A(v)dr< ) iy vl dr < Z (/0 vl df) (34)

m=1 Jt—| m=1 Jt_

where #;; is given by (23).
If we use the definition of #;' and #? without the term D;nln/ % we obtain

n Im n tm 1/2
) AW)dr<Cr Y. vl < CL Y e ( fo |||v|||2dr) (35)
m=1

tn—1 m=1 Jt,_1 m=1
where C1 =sup(l, Dmlln/ 2).
Evaluation of the term B:
From (15), (16), (12) and (13) we have for 0 <r <¢,
)/ DIV} —uf™) - Vudx

In —

/DZV(uh upe) - Vodx =
Q

(t" )Cz(D)II(Dh)‘/zv(uh Y )

1 /2
mm

/ ay (u), — up)vdx =
Q

where C2(D) = (1 + c(D)h**!/D

t _
2 ) ah(uz —u v dx

(t” )c(a)ll(ah)l/z(uh WOl
where C(a) = (1 + c(a)h**!/B"/?) and

- tn— . — —
/Qdiv(q"—l(uz—‘ —up))vdx = (t 1)/lev(q" Y™t — ulhyvdx

Tn

t—1t,—1 _ . _ _
<( T” )ﬁ V2)1div(q" @t — )il

n
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271
Let
t, —1t _
&= (”T >||(DZ)‘/2V(uz—uz Hi (36)
n
n I =1t . n—1, n—1 n
Chi= . div(q" ™" (u,~" —up)l (37)
n
o= (t” _t) @)y — (38)
h-— T h h h
One can conclude that

B(v) < Cy4(D, a, p)(Ep + & +ap) vl
where C4(D, a, B) =max(C2(D), C3(a), f~'/%).
With the notation (24), we have

n tm n tm 1/2
> B(v)dt < C4(D,a, p) Y. O (/ ||Iv|II2dt)
m=1 Jt,_1 m=1 tn—1
n In 172
<c.ap s op([ ) (39)
m=1 0
Evaluation of the term C:
Cv) = fQ (f = fi -+ div((@"™" = Qune) + (@] — yupo)v d
+/ (D! — D)Vup, - Vudx
Q
< B7V2IF = fE 4 divi(@" T = Qupe) + (@ — @)unclo
—~1/2 n
+Dmiln/ 1(Dy, — D)Vupllo)lvll
One can conclude that
n Im n Im s 1/2 tn s 1/2
> [Mcw<y (/ IGROo) ) (/ ol ) (40)
m=1 Jt,_1 m=1 tm—1 0
where Gy, is defined by (25).

Now we integrate (27) between 0 and ¢,, we use the inequalities (35), (39), (40), we take
v=(u —up)(-, t) for 0<r <t, and we use the fact that for all v e HO1 (Q) we have

/|Dl/2Vv|2dx—|—/div(qv)vdx+/a|v|2dx
Q Q Q

1

Z/ |D'2Vu)? dx +/ (—divq-i—a) [vl? dx > [v]l?
Q o\2

to obtain (26). This completes the proof of Theorem 4.1.

]
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4.2. A lower bound for the error

Global upper bounds are sufficient to obtain a numerical solution with an accuracy below a
prescribed tolerance. However, local lower bounds are necessary to achieve the prescribed tolerance
with a minimal number of grid-points. In this subsection we derive a lower bound for the error
following the approach developed in [25, 26]. We prove separate bounds for each indicator 7' and
©,'. We begin with the latter.

Proposition 4.3
There exists a constant 41 =% (D, f, q) such that

I 2 172 t 1,2
op < % ( f dt) + ( f llu — Mhr|||2dt)
th—1 —-1,Q In—1

tn 1/2
B ( / |G;:<r>|2dr)
I

-1

6( )
— U —u
ot ht

forall 1 <n<N.

Proof
First of all we remark that
T\ 1/2 _ o\ 1/2 _ _
(F) === (3) 0@ PV — I+ Bl — '
T\ 1/2 _
< (F) " e@n o PV g - uHi?
+e@h @) )y —uymH 171
So we have
Ta\ 1/2 _
(%) " i =i < 50y (1)

where Cs = h** 'max(c(D), c(a)).
By (27) and (28) we have v =u]}, — uz_l

th a
(@ﬂ)2 = / / — (U — up)vdx dt +/ DV(u — up.) - Vodx +/ div(q(u — up))vdx
tn_y JQ O Q Q

ty
+/ a(u —upy)vdx — (A(uj, —uz_l)-i-C(uZ —uz_l))dt
Q th—1
In 1 0 _
< / (T ‘6—@ —und) ||+ A+ gl 2o @2 (BDmin) ™) llu — uhfm)
In—1 Dmin ! *

In
xllul — up =t dr + / (Ciny + GRE) Nl — up =) dr

In—1
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2

W 172 i 12
< / dr)] 4G ( / llu —uhf|||2dz)
th_1 Dmin * th—1

tn 1/2
1/2 1/2 —
+Cir n7,+( / |G;:<r>|2dr) o2 lul — w7
I

-1

0

5 (0 — upe)

where Co =1+ ”q”(LOO(Q))Z(ﬁDmin)_I/z. We conclude by using (41)

In
o) < % (/
In—1

I 1/2
o+ (f |Gﬂ(t)|2dt)
I

2

1/2 t 1/2
T (/ llle — uhr|"2dt)
* In—1

0
ot

(u — up)

1
Drin

where €| = +/3Csmax(1, Cg, C 1). This completes the proof of Proposition 4.3 O

Proposition 4.4
There exists a constant ¥, = %> (a, D, ff, q) such that

: 2 172 : 1/2
1/2 n m | o " 2
', < 62 5(” —upo) ||| dt + llee — wnell” de

Th—1 * In—1

tn 1/2 tn 1/2
+ (/ lldiv(q(u — uhr)”zdt) + (/ IGR()I? df)
In—1 -1

ta 1/2
- ( / (M= = ull®) dt) + luollo.e + B 21 N 20,0, 12620
In—1

forall 1 <n<N.

Proof
Recall that for all v € HO1 (Q) the term A(v) is given by
Avy= > > n(v—ILyv)ydx + Y rp(v — Lyv)ds
vey} QCcV JQ Eeéy VE
- X > (Unv)i — (Inv))) | zpds (42)
T ey i€l CT Vij

and has also the expression

Av)y= ) Rpvdx + > rpvds

Tegy JT Eeép VE

Following [25, 26], we introduce for any element .7 € .7 and any edge E € &) the corresponding
bubble functions Y, and ;. We denote by wg the support of iy which is the union of two
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elements of .7 sharing E and set

1/2
Wy = 51 Z aTlaner: + 52Dm1n/ Z O(E'":DEI'E
TeT) Eeé)

Using the same arguments as in [26], we can choose the constants y; and ), such that
Awn) > () + 01 43)

llwall < C(R)* + (fHH? (44)

So we have

R)* + (1D + i = (I < A(wy) + (1)?

llwall < C*n

To bound the term 7} we use the last inequalities and (27). Let « be an arbitrary parameter such

that >0
In th —t\”
n
rn<nz>2=/ (oc+1>( - ) (n)*dt
th—1 n

In th —t\”
</ (ot+1)(nT ) A(wh)-l-fn(ﬂ?)zdl
h—1 n

th _ o
</ (oc+1)(t" t) /E(u—uhr)wndxdt
th—1 n Q ot
In
+/ (x+1
h—1
In
+/ (a+1
th—1
In
+/ (x+1)
Ih—1
In
—/ (+1) (
h—1
th o 0
1 Eo—
[ evsen(s2) (Jg

n—

~

) DV (u — up;) - Vwy, dx dt
)

dlv(q(u — up))w, dx dt

(),
(),
(),
)

a(u — upg)w, dx dt

(B(wn) + C(wn)) dt + 1,(72)°

/N

+ e — upell

*

+ B2\ div(q(u — upo) || + L llu — wpelll + Gﬁ(r)) dr

th _ @
—f (a+1)<t"r t) B(wy) dt + 7, (n")?
In—1 n
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Since
172

In th —t\” 2 1/2 o+ 1
a+1 dt =1, ——
</tn—1 [( )( Tn >i| ) " V2041
) 1/2
dt
*

In
+ 12 ( / Idiv(q(u — up)|? dt)
In—1

we conclude that

a+1 tn
T ( l’l) C* n 1/2 / “
n nh /—2 + -

n
(4 (/ |||u—uhf|||2dt)
In—1

ty _ *
—/ (a+1) <[n‘L' t) B(w,) dt + Tn(ng)z
th—1 n

Let us now bound the last integral in term of 1. We have

fn th —t\*
/ (‘"“)(nf ) B(wn)dt=rn /(DhV( — YV, +ajl =y~ Hw,) dx
In n

0

5 (u — upc)

1/2 1/2

+ 1, dlv(q Yl — u™M)yw, dx

OC+2

\ 1/2 + C(Daﬁ)\/_(')nc*"
o+

2\ /2 n 1/2
dr) + ( / o — uhfmzdr)
* In—1
tn 1/2 ta 1/2
+ (] div(q(u — uhr)llzdf) + (/ IGR(D)] dt)
th—1 In—1

n\2 vk a+1
CcC*%,C
+ T, (1) 1G5

where (53 =max((« + 1)/(v20+ Dmax(1 + .o, f~1/?), (a + 1)/ (e + 2)C33/3%1).
Let m > 1 be an integer. Slnce (a4 1)/(x+2) < (v +m)/(x+ 2), we can choose « and m such
that C*%1Cs(a+ 1) /(0 +2) = 2 and conclude that

T 2 \!2 In 172
o'’y < 263 / ——uwp|| dr)  + ( / llu —umnzdr)
h—1 at * In—1
tn 1/2 n 1/2
+ ( / Idiv(q(u —umuzdr) + ( / IGh (z)|2dr) + 21,/ !
th—1 In—1
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Tn(UZ) (63@1/2 " </ H‘ E(“ — Upz)
In—1

+ T (1) (1)
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Let us now bound the term r,l/ 2112’. By (19), Lemma (4.2) and (7) we have

A = [

In
—1/2
=/ D>y o Q" Ry ™ ) — (X)llo, dr
In—1 Izjcrh
1,
< D q| COY R R, dr
S Pyin 1Gllzoo(@))2€2 Lyl WMoy,
-1 “/IJCF,': ’

N

n
—-1/2 —1p2
Dl (02262 max o, / llea, ™ 1™ de
yel} f

n—1

In
—1/2 —1
<Dmhmmmmﬁqmq%/ (M= = wll® + M) d
yel, fh_1
n 1 2 2 1 2
< (63 (ll'ul;l_ - I/l||| =+ ||u0||07g =+ Dl:lin”f”Lz(O,tn;Lz(Q))) de

In—1

where 63 = D;nln/ 2||q||(LOO(Q))22c‘2 max,crn o. The result of Proposition 4.3 is proved by taking
> =max (%7, €3). O

5. NUMERICAL SIMULATIONS

In this section, we present some numerical results in 2-D based on the scheme presented in this
paper for the concentration equation for miscible flow problems.

For the sake of completeness we recall the coupled system used for the simulations. The flow
and transport of miscible displacement of one incompressible fluid by another through a porous
medium Q over a time period ]0, T'[ is governed by the following system (see, e.g. [18]):

Pressure equation:

K
qz—ﬂVp in Qx]0, T'[
u(e) (45)
divgq=0 in Qx10, T
Concentration equation:
oc . .
(D(X)E —div(D(x,q)Vec —cq) = f(x,t) in Qx]0, T[ (46)

subject to boundary and initial conditions, p and q are the pressure and Darcy velocity of the fluid
mixture, ® and K are the porosity and the permeability of the medium, p is the viscosity of the
mixture, ¢ is the concentration of the contaminant solute, and f is the external flow rate.
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The form of the diffusion—dispersion tensor D that we use in our simulator is given by:
D(x,q)=dcI + |q|[o1 E(q) + o:(I — E(q))] (47)

with E;;(qQ) =qiq;/ |q|2, de is the effective diffusion coefficient, and oq and o; are the magnitudes
of longitudinal and transverse dispersion, respectively.

Because the magnitude of the diffusion—dispersion tensor D is often much smaller than that of
the Darcy velocity q, the concentration equation (46) is a strongly convection—dominated PDE with
small diffusion and dispersion terms indicated by the size of the coefficients d., o and o in (47).
Moreover, (45)—(46) is a coupled system of PDEs which is typically defined on a very large physical
domain.

One important issue in the simulation of porous medium flows is the manner in which the
Darcy velocity q is calculated. Since the convection and diffusion—dispersion terms in (46) are
governed by the Darcy velocity, accurate approximation of the concentration ¢ requires an accurate
approximation to the Darcy velocity q.

An IMPES simulator, MFlow (cf. [32]), has been developed which applies a mixed hybrid
finite element method [34] for computing an accurate approximation of the velocity ¢ and the FV
described here for the concentration equation. Our implementation for the test problems uses the
lowest Raviart—-Thomas element that specify piecewise constant pressure and piecewise continuous
flux for the velocity.

It should be mentioned that the theoretical analysis of the method described in this paper for
the coupled system is far from complete. Nevertheless the numerical experiments show, that with
the FV discretization, the upwind and the adaptive grid control based on the error indicators, we
have a powerful tool for solving flow and transport of miscible flow problems.

The two example problems used to illustrate the methodology are (1) a heterogeneous reservoir
with two different permeability distributions, with values ranging from 107> to 1 and (2) the
saltdome problem (cf. [8]). We begin the solution process with an initial coarse mesh which
describes adequately the given problem (domain, coefficients, boundary conditions, and right-hand
side). During the solution process the grid is refined (based on a criteria formulated from one
of the three error estimators) until maximum refinement level is reached or the local error is
found below a given threshold. The grids obtained from all error estimators differ slightly, but
in all cases they are refined in the same areas and produce comparable results. In both cases, as
expected, the meshes are refined around the areas where the singularities are located. The adaptivity
of our FV method highly resolves the solution within the critical regions of the computational
domain.

5.1. Test problem 1: heterogeneous case

In this example, we consider a heterogeneous reservoir Q= (0, 1) x (0, 1) with two different
permeability distributions as shown in Figure 2: (black, K =107>) and (white, K =1). A source
term is placed at the lower left-hand corner of the reservoir, I'j,, and an outlet, I'oy, is placed
at the top right-hand corner of the reservoir. The boundary conditions are illustrated in Figure 2:
gn=-—0.1 on I'j; and p=1 on I'gy. All the I'hofow boundaries are no flow boundaries. The
parameters were chosen as follows: ®=0.2, u=1, d. = 1073, =5, 0=0.5 c=0and f=1
on I, and =0 elsewhere.

It is well known in literature that the jump of the coefficients at the inner boundaries may
cause problems. We look for the behaviour of the adaptive algorithm near the inner boundaries.
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lﬂnoflow rout

1“noflow
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Figure 2. Permeability distribution and computational domain.
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Jr T ‘\ ‘\ *

Figure 3. Primal grid.

In Figure 3 we present the primal grid and in Figure 4 the adaptive grid. From these figures, we
can see that the local error estimators lead to local refinement around the expected regions where
there are strong and sharp variation in permeability. Table I gives the results for the error indicators
for different levels of refinement obtained. In order to compare these results with those when no
local refinement is applied, we also include the computations obtained with a uniform grid (cf.
Table I). We note that the grid follows the contour lines of the concentration as shown in Figure 6.
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Figure 4. Adaptive grid.

Table 1. Test problem 1 at r =10 years.

Number of

triangles Level CPU time n'lleh n, ne,
Primal grid 660 1 Omin 1.00s 3.198¢ 02 8.604e =07 1.750e—92
Adaptive grid 2885 2 Omin 20.81's 8.26e03 3.655¢ 97 1.281e702
6424 3 Omin 48.18 s 4.359¢03 6.521e08 1.042¢ 02
8894 4 1 min 10.55s 2.940e 93 4.623¢08 9.794¢~03
11454 5 1 min 30.36s 2612703 377208 9.152¢703
14562 6 1 min 59.53 s 2.413¢93 3.371e 98 8.341e~ 93
22082 7 4min 20.17 s 1.252¢=03 1.867¢~08 4.244¢~03
27382 8 5min 59.17 s 1.023¢03 1.012¢08 3.152¢~93
Uniform grid 93186 9 31 min 56.49s 8.125¢ =04 7.925¢=09 3.012e= 9

Moreover, at the inner boundaries of the domain the finer grid sizes appear. So the area, where
we suppose the most problems in calculation, are of finer grid size. From concentration contours
in Figures 5-7 and Table I, we can conclude that the accuracy of the solution obtained on a mesh
with adaptive grid is comparable to the accuracy of the uniform grid, while the number of triangles
are four times smaller.

5.2. Test problem 2: saltdome

We consider the saltdome problem presented in [8] which describes the flow over a saltdome which
is sitting at the bottom of an aquifer initially filled with pure water (co =0). The computational
domain is defined as Q=1[0, 900] x [0, 300]. The boundary and initial conditions are illustrated
in Figure 8. At the top of the domain Q a pressure difference is prescribed. The saltdome is
situated in the middle of the lower boundary (see Figure 8). All other boundaries are no flow

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2009; 59:259-284
DOI: 10.1002/fid



280 B. AMAZIANE ET AL.

0 0.2 0.4 0.6 0.8 1

Figure 5. Concentration for primal grid.

0 0.2 0.4 0.6 0.8 1

Figure 6. Concentration for adaptive grid.
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0 0.2 0.4 0.6 0.8 1

Figure 7. Concentration for uniform grid.
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o1 |
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Figure 8. Geometry, initial and boundary conditions for the saltdome problem.

boundaries. The parameters were chosen as follows: K =3.5 x 1072, ®=0.2, d. =0.86, u=1,
u =20, oy=2, and p= — 111x + 10° at the top boundary. Here the singularity is due to the
source term, which is taken to be 1 concentrated at the boundary I'jpgow (see Figure 8). Figures
9-11 show the adaptive grid and the salt concentration at three time steps. Table II gives the
results for the error indicators for different levels of refinement and the computations obtained
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Figure 9. Adaptive grid and concentration contours at ¢t =5 years.
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Figure 10. Adaptive grid and concentration contours at =40 years.
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Figure 11. Adaptive grid and concentration contours at t =240 years.

with a uniform grid. Again, we can see that the local error estimators lead to local refinement
around the expected concentration front. The salt concentration shows good agreement with those
in [8].
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Table II. Test problem 2.

Number of Final time
triangles Level CPU time '7’;3;, n, nz, (years)

Mesh 0 505 1 Omin 0.12s  2.246e 92 1.377e702  3.637¢~® 5
779 2 Omin 0.25s  7.027e=%3  1.157e792  3.041e%

Mesh 1 2710 1 Omin 1.91s  5.493¢7 03  9983¢=03  3827¢~ 0 40
3591 2 Omin 2.71s  5.041e703  8.950e=93  3.410e~%

Mesh 2 3400 1 Omin 10.50s  4.576e= 93  8.412¢7 9  3.640¢ 03 240
5552 2 Omin 3548s 1.788¢703  8.388¢= 03  3.274¢~03
8582 3 Imin 14.99s 1.423¢= 9 7.647¢70  2.914¢03
11068 4 1min 42.31s  3.618e7 %%  6.624e703  2.304¢~%3
19045 5 8min 0.63s  4.323¢795  1.361e703  1.250e~ %

Uniform grid 41318 6 28min 7.51s  1.922¢7%  8.910e=%  7.420e=04 240
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